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Abstract
LetX =
{
P ∈ [0, 1]N : (∀ν ∈ N) (P ({ν}) > 0) ∧
∞∑
ν=0
P ({ν}) = 1
}
be the Polish space of probability measures onN, each of which assigns
positive probability to every elementary event, while for any P ∈ X,
let ΓP =
{
ξ ∈ L1(N, P ) : (∀ν ∈ N) (ξ(ν) > 0) ∧
∞∑
ν=0
ξ(ν)P ({ν}) = 1
}
and let ΦP : ΓP ∋ ξ 7→ ΦP (ξ) ∈ X be defined by the relation
(ΦP (ξ)) ({ν}) = ξ(ν)P ({ν}), whenever ν ∈ N. If we consider the
equivalence relation E =
{
(P,Q) ∈ X2 : (∃ξ ∈ ΓP ) (Q = ΦP (ξ))
}
, the
Polish space P =
{
x ∈ ℓ1 (R) : (∀n ∈ N) (x(n) > 0)
}
and the com-
mutative Polish group G =
{
g ∈ (0,∞)N : lim
n→∞
g(n) = 1
}
, while we
set (g · x) (n) = g(n)x(n), whenever g ∈ G, x ∈ P and n ∈ N,
then E is definable and it admits a strong approximation by the tur-
bulent Polish group action of G on P. In addition, if we consider
the Polish space ℓ1 (C∗) =
{
x ∈ ℓ1 (C) : (∀n ∈ N) (x(n) 6= 0)
}
and we
set H =
{
h ∈ (C∗)N : lim
n→∞
h(n) = 1
}
, while (h · x) (n) = h(n)x(n),
whenever h ∈ H, x ∈ ℓ1 (C∗) and n ∈ N, then H is a commuta-
tive Polish group under pointwise multiplication and H × ℓ1 (C∗) ∋
(h,x) 7→ h · x ∈ ℓ1 (C∗) constitutes a continuous Polish group action
each orbit of which is dense and meager, while G on P is a sub-
action of H on ℓ1 (C∗). In addition, if λ is the Lebesgue measure
∗AΣMA : 130/2543/94
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in the real line and we consider the Polish space L1++ ((0,∞), λ) ={
f ∈ L1 ((0,∞), λ) : f > 0, λ− a.e.
}
, while we consider the set F ={
f ∈ C ((0,∞), (0,∞)) : lim
x→0
f(x) = lim
x→∞
f(x) = 1
}
and the operation
(f · g) (x) = f(x)g(x), whenever f ∈ F, g ∈ L1++ ((0,∞), λ) and
x ∈ (0,∞), then F constitutes a commutative Polish group under
pointwise multiplication and F × L1++ ((0,∞), λ) ∋ (f, g) 7→ f · g ∈
L1++ ((0,∞), λ) constitutes a continuous Polish group action, which
is not an extension of the turbulent Polish group action of the group
G∗ =
{
g ∈ (0,∞)N
∗
: lim
n→∞
g(n) = 1
}
, which is essentially G, on the
space P∗ =
{
x ∈ (0,∞)N
∗
:
∞∑
n=1
x(n) <∞
}
, which is essentially P,
even though G∗, P∗ are Polish subspaces of F, L1++ ((0,∞), λ) re-
spectively.
Mathematics Subject Classification: 03E15, 22A99, 40A99.
1 Introduction
The following is a modification of the one given in [2].
1.1. Definition. If X is any Polish space and E is any definable equiva-
lence relation on X , then E admits a strong approximation by a Polish group
action, when the following conditions are satisfied:
(i) For any x ∈ X , there exists a Polish space Γx and a continuous mapping
φx : Γx → X such that x 7→ Γx and x 7→ φx are definable, while
φx [Γx] = [x]E .
(ii) There exists a Polish group G acting continuously on a Polish space
P with the property that X ⊆ P and for any x ∈ X , there exists a
Polish space ∆x such that Γx is a Polish subspace of ∆x and x 7→ ∆x is
definable, while Γx ⊆ ∆x ∩G and φx(g) = g · x, whenever g ∈ Γx ∩G.
(iii) For any x ∈ X and for any γ ∈ Γx, there exists a homeomorphism
ψx,γ : Γx → Γφx(γ) with the property that (x, γ) 7→ ψx,γ is definable and
φx(δ) = φφx(γ) (ψx,γ(δ)), whenever δ ∈ Γx.
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The following is introduced in [1].
1.2. Definition. Let G be any Polish group with countable base BG acting
continuously on a Polish space X with countable base BX and let
xEXG y ⇐⇒ (∃g ∈ G) (g · x = y) ,
whenever x, y are in X . For any open neighborhood U ∈ BX of x and
for any symmetric open neighborhood V ∈ BG of 1
G, the (U, V )-local orbit
O(x, U, V ) of x in X is defined, as follows:
y ∈ O(x, U, V ) if there exist g0, ..., gk in V , where k ∈ N, such that if
x0 = x and xi+1 = gi · xi for every i ∈ {0, ..., k}, then all the xi are in
U and xk+1 = y.
The action of G on X is said to be turbulent at the point x, in symbols
x ∈ TXG , if for any such U and V , there exists an open neighborhood U
′ ∈ BX
of x such that U ′ ⊆ U and O(x, U, V ) is dense in U ′.
1.3. Definition. Let
X =
{
P ∈ [0, 1]N : (∀ν ∈ N) (P ({ν}) > 0) ∧
∞∑
ν=0
P ({ν}) = 1
}
be the Polish space of probability measures on N, each of which assigns
positive probability to every elementary event. (It is a Gδ subset of the
compact Polish space [0, 1]N equipped with the product topology.) For any
P ∈ X , let
ΓP =
{
ξ ∈ L1(N, P ) : (∀ν ∈ N) (ξ(ν) > 0) ∧
∞∑
ν=0
ξ(ν)P ({ν}) = 1
}
be the Polish space of positive L1 random variables on the probability mea-
sure space (N,P(N), P ) whose expectation is equal to 1 (it is a Gδ subset
of the C2 Banach space L1(N, P )) and let ΦP : ΓP ∋ ξ 7→ ΦP (ξ) ∈ X be
defined by the relation (ΦP (ξ)) ({ν}) = ξ(ν)P ({ν}), whenever ν ∈ N. We
set
E =
{
(P,Q) ∈ X2 : (∃ξ ∈ ΓP ) (Q = ΦP (ξ))
}
.
3
The following is proved in [3].
1.4. Theorem. If P = {x ∈ ℓ1 (R) : (∀n ∈ N) (x(n) > 0)} and
G =
{
g ∈ (0,∞)N : lim
n→∞
g(n) = 1
}
,
while (g · x) (n) = g(n)x(n), whenever g ∈ G, x ∈ P and n ∈ N, then the
following hold true:
(i) G constitutes a commutative Polish group under pointwise multiplica-
tion.
(ii) G × P ∋ (g,x) 7→ g · x ∈ P constitutes a continuous Polish group
action.
(iii) The action of G on P is turbulent.
So our first purpose in this article is to prove the following.
1.5. Theorem. E is definable and it admits a strong approximation by
the turbulent Polish group action of G on P.
1.6. Definition. If C∗ = C \ {0}, then we set
ℓ1 (C∗) =
{
x ∈ ℓ1 (C) : (∀n ∈ N) (x(n) 6= 0)
}
,
which is a Gδ subset of the C2 Banach space
ℓ1 (C) =
{
x ∈ CN :
∞∑
n=0
|x(n)| <∞
}
and consequently it constitutes a Polish space.
So our second purpose in this article is to prove the following.
1.7. Theorem. If
H =
{
h ∈ (C∗)N : lim
n→∞
h(n) = 1
}
,
while (h · x) (n) = h(n)x(n), whenever h ∈ H, x ∈ ℓ1 (C∗) and n ∈ N, then
the following hold true:
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(i) H constitutes a commutative Polish group under pointwise multiplica-
tion and G is a Polish subgroup of H.
(ii) H× ℓ1 (C∗) ∋ (h,x) 7→ h · x ∈ ℓ1 (C∗) constitutes a continuous Polish
group action and G×P ∋ (g,x) 7→ g · x ∈ P is a subaction.
(iii) For any x ∈ ℓ1 (C∗), H · x is dense in ℓ1 (C∗).
(iv) For any x ∈ ℓ1 (C∗), H · x is meager in ℓ1 (C∗).
The following Polish space is due to Tom Wolff and is introduced in [2]. It
is a Gδ subset of a closed subset of a Polish space. See (i) of Proposition 5.6
on page 1470 of [2].
1.8. Definition. If λ is the Lebesgue measure in the real line, then we
set L1++ ((0,∞), λ) = {f ∈ L
1 ((0,∞), λ) : f > 0, λ− a.e.}.
So, following [3], our third purpose in this article is to prove the follow-
ing.
1.9. Theorem. If F =
{
f ∈ C ((0,∞), (0,∞)) : lim
x→0
f(x) = lim
x→∞
f(x) = 1
}
and (f · g) (x) = f(x)g(x), whenever f ∈ F, g ∈ L1++ ((0,∞), λ) and x ∈
(0,∞), then the following hold true:
(i) F constitutes a commutative Polish group under pointwise multiplica-
tion.
(ii) F × L1++ ((0,∞), λ) ∋ (f, g) 7→ f · g ∈ L
1
++ ((0,∞), λ) constitutes a
continuous Polish group action.
An immediate consequence of [3] is the following.
1.10. Theorem. If P∗ =
{
x ∈ (0,∞)N
∗
:
∞∑
n=1
x(n) <∞
}
and
G∗ =
{
g ∈ (0,∞)N
∗
: lim
n→∞
g(n) = 1
}
,
while (g · x) (n) = g(n)x(n), whenever g ∈ G∗, x ∈ P∗ and n ∈ N∗, then
the following hold true:
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(i) G∗ constitutes a commutative Polish group under pointwise multipli-
cation.
(ii) G∗ × P∗ ∋ (g,x) 7→ g · x ∈ P∗ constitutes a continuous Polish group
action.
(iii) The action of G∗ on P∗ is turbulent.
1.11. Definition. If g ∈ G∗, then we set
fg(x) =


(g(n+ 1)− g(n)) (x− n) + g(n) if x ∈ [n, n + 1] and n ∈ N∗
2 (g(1)− 1) (x− 1) + g(1) if x ∈
[
1
2
, 1
]
1 if x ∈
(
0, 1
2
]
and it is not difficult to verify that fg ∈ C ((0,∞), (0,∞)) due to the fact
that g ∈ (0,∞)N
∗
and (0,∞)2 is convex, while obviously lim
x→0
fg(x) = 1 and
lim
x→∞
fg(x) = 1, since lim
n→∞
g(n) = 1 and (0,∞)2 is convex, i.e., fg ∈ F.
So, our fourth purpose in this article is to prove the following.
1.12. Theorem. G∗ ∋ g 7→ fg ∈ F is a Polish space continuous injec-
tion, but not a Polish group continuous injection.
1.13. Remark. If x ∈ P∗, then we set
gx(x) =


x(n) if x ∈ [n, n+ 1) and n ∈ N∗
1 if x ∈ (0, 1)
and it is not difficult to verify that gx ∈ L
1
++ ((0,∞), λ) and ‖gx‖1 = 1+‖x‖1,
so P∗ ∋ x 7→ gx ∈ L
1
++ ((0,∞), λ) is a Polish space continuous injection.
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2 The proof of 1.5
2.1 The proof of (i) in 1.1
If ξk → ξ in ΓP as k →∞, then for any ν ∈ N, we have that∣∣∣(ΦP (ξk)) ({ν})− (ΦP (ξ)) ({ν})∣∣∣ = ∣∣∣ξk ({ν})P ({ν})− ξ(ν)P ({ν})∣∣∣
=
∣∣∣ξk(ν)− ξ(ν)∣∣∣P ({ν})
≤
∞∑
n=0
∣∣∣ξk(n)− ξ(n)∣∣∣P ({n})
=
∥∥∥ξk − ξ∥∥∥
1
→ 0
as k →∞, so for any ν ∈ N, we have that
lim
k→∞
(
ΦP
(
ξk
))
({ν}) = (ΦP (ξ)) ({ν})
and consequently ΦP
(
ξk
)
→ ΦP (ξ) in X as k → ∞. Moreover, if (P,Q) ∈
E and ξ ∈ ΓP is such that Q = ΦP (ξ), then
1
ξ
∈ ΓQ and P = ΦQ
(
1
ξ
)
.
Indeed, 1
ξ(ν)
> 0 for every ν ∈ N and
∞∑
ν=0
1
ξ(ν)
Q ({ν}) =
∞∑
ν=0
1
ξ(ν)
ΦP ({ν}) =
∞∑
ν=0
1
ξ(ν)
ξ(ν)P ({ν}) = 1, hence 1
ξ
∈ ΓQ, while
(
ΦQ
(
1
ξ
))
({ν}) = 1
ξ(ν)
Q ({ν}) =
1
ξ(ν)
ΦP ({ν}) =
1
ξ(ν)
ξ(ν)P ({ν}) = P ({ν}) for every ν ∈ N. △
2.2 The proof of (ii) in 1.1
We shall first prove that ΓP ⊆ L1(N, P ) ∩G. Indeed, if ξ ∈ ΓP and ǫ > 0,
then there exists N ∈ N such that
∑
ν>N
P ({ν}) < ǫ
2
and
∑
ν>N
ξ(ν)P ({ν}) < ǫ
2
,
so if g = (ξ(0), ..., ξ(N), 1, 1, ...), then g ∈ L1(N, P ) ∩ G and ‖ξ − g‖1 =∑
ν>N
|ξ(ν)− 1|P ({ν}) ≤
∑
ν>N
ξ(ν)P ({ν}) +
∑
ν>N
P ({ν}) < ǫ
2
+ ǫ
2
= ǫ. More-
over, for any g ∈ ΓP ∩G, we have that ΦP (g) = g ·P , since (ΦP (g)) ({ν}) =
g(ν)P ({ν}) = (g · P ) (ν) for every ν ∈ N. △
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2.3 The proof of (iii) in 1.1
If P ∈ X and ξ ∈ ΓP , then we define ΨP,ξ : ΓP ∋ ζ 7→ ΨP,ξ (ζ) ∈ ΓΦP (ξ) by the
relation (ΨP,ξ (ζ)) (ν) =
ζ(ν)
ξ(ν)
, whenever ν ∈ N. It is not difficult to see that
∞∑
ν=0
(ΨP,ξ (ζ)) (ν) (ΦP (ξ)) ({ν}) =
∞∑
ν=0
ζ(ν)
ξ(ν)
ξ(ν)P ({ν}) =
∞∑
ν=0
ζ(ν)P ({ν}) = 1
and ζ(ν)
ξ(ν)
> 0 for every ν ∈ N, so ΨP,ξ is well-defined. In addition, if ζ1, ζ2
are any elements of ΓP , then
‖ΨP,ξ (ζ1)−ΨP,ξ (ζ2)‖1
=
∞∑
ν=0
|(ΨP,ξ (ζ1)) (ν)− (ΨP,ξ (ζ2)) (ν)| (ΦP (ξ)) ({ν})
=
∞∑
ν=0
∣∣∣ ζ1(ν)
ξ(ν)
− ζ2(ν)
ξ(ν)
∣∣∣ ξ(ν)P ({ν})
=
∞∑
ν=0
|ζ1(ν)− ζ2(ν)|P ({ν})
= ‖ζ1 − ζ2‖1
and Ψ−1P,ξ = ΨP, 1
ξ
, since
(
ΨP, 1
ξ
(ΨP,ξ (ζ))
)
(ν) =
ζ(ν)
ξ(ν)
1
ξ(ν)
= ζ(ν), whenever ν ∈ N,
while 1
ξ
∈ ΓΦP (ξ), since
∞∑
ν=0
1
ξ(ν)
(ΦP (ξ)) ({ν}) =
∞∑
ν=0
1
ξ(ν)
ξ(ν)P ({ν}) = 1 and
1
ξ(ν)
> 0 for every n ∈ N. So ΨP,ξ : ΓP → ΓΦP (ξ) is an isometry. Moreover,
if ζ ∈ ΓP , then
(
ΦΦP (ξ) (ΨP,ξ (ζ))
)
({ν}) = (ΨP,ξ (ζ)) (ν) (ΦP (ξ)) ({ν}) =
ζ(ν)
ξ(ν)
ξ(ν)P ({ν}) = ζ(ν)P ({ν}) = (ΦP (ζ)) ({ν}), whenever ν ∈ N, hence
ΦΦP (ξ) (ΨP,ξ (ζ)) = ΦP (ζ). △
3 The proof of 1.7
3.1 The proof of (i) in 1.7
It is well-known that C∗ constitutes a commutative Polish group under mul-
tiplication and if d(x, y) = |x − y| +
∣∣∣ 1
x
− 1
y
∣∣∣, whenever x and y are in C∗,
then d constitutes a complete compatible metric on C∗. Given any g ∈ H
and any h ∈ H, we set ρ (g,h) = sup
n∈N
d (g(n),h(n)) and it is not difficult
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to verify that ρ constitutes a metric on H. So let (hk)k∈N be any Cauchy
sequence in (H, ρ) and let ǫ > 0. Then there exists K ∈ N such that for
any integer k ≥ K and for any integer l ≥ K, we have |hk(n)− hl(n)| ≤
d (hk(n),hl(n)) ≤ ρ (hk,hl) <
ǫ
2
, whenever n ∈ N. So for any n ∈ N,
(hk(n))k∈N constitutes a Cauchy sequence in (C
∗, d) and consequently it has
a limit, say h(n) = lim
k→∞
hk(n). Moreover, since lim
n→∞
hK(n) = 1, there exists
N ∈ N such that for any integer n ≥ N , we have |hK(n)− 1| <
ǫ
2
and
hence |h(n)− 1| = lim
l→∞
|hl(n)− 1| ≤ sup
l≥K
(|hl(n)− hK(n)|+ |hK(n)− 1|) ≤
sup
l≥K
|hl(n)− hK(n)| + |hK(n)− 1| < ǫ, while for any integer k ≥ K and for
any n ∈ N, we have d (hk(n),h(n)) = lim
l→∞
d (hk(n),hl(n)) ≤
ǫ
2
, which implies
that h ∈ H, hence ρ (hk,h) = sup
n∈N
d (hk(n),h(n)) ≤
ǫ
2
< ǫ and consequently
hk → h in (H, ρ) as k → ∞, which implies that ρ constitutes a complete
metric on H. If f , g and h are any elements of H, then it is not difficult to
prove that ρ
(
1
f
, 1
g
)
= ρ (f , g), which implies that inversion is continuous, and
ρ (fh, gh) ≤ max
{
sup
n∈N
|h(n)| , sup
n∈N
1
|h(n)|
}
ρ (f , g) ,
since lim
n→∞
h(n) = 1 and the same holds true for 1
h
. So let fk → f in (H, ρ) as
k → ∞ and let gk → g in (H, ρ) as k → ∞, while ǫ > 0. Then there exists
K ∈ N such that for any integer k ≥ K, we have
ρ (gk, g) <
ǫ
2max
{
1 + sup
n∈N
|f(n)| , 1 + sup
n∈N
1
|f(n)|
}
and
ρ (fk, f) < min


ǫ
2max
{
sup
n∈N
|g(n)| , sup
n∈N
1
|g(n)|
} , 1


,
so
sup
n∈N
|fk(n)| ≤ sup
n∈N
|fk(n)− f(n)|+ sup
n∈N
|f(n)| < 1 + sup
n∈N
|f(n)|
and
sup
n∈N
1
|fk(n)|
≤ sup
n∈N
∣∣∣∣∣ 1fk(n) −
1
f(n)
∣∣∣∣∣+ supn∈N
1
|f(n)|
< 1 + sup
n∈N
1
|f(n)|
,
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so
ρ (fkgk, fg) ≤ ρ (fkgk, fkg) + ρ (fkg, fg)
≤ max
{
sup
n∈N
|fk(n)| , sup
n∈N
1
|fk(n)|
}
ρ (gk, g)
+max
{
sup
n∈N
|g(n)| , sup
n∈N
1
|g(n)|
}
ρ (fk, f)
< ǫ.
SoH constitutes a topological group whose topology is given by the complete
metric ρ. What is left to show is that (H, ρ) is separable. Indeed, it is not
difficult to verify that
C =
{
g ∈ ((Q+ iQ) \ {0})N : ∃m∀n ≥ m (g(n) = 1)
}
constitutes a countable dense subset of (H, ρ). △
3.2 The proof of (ii) in 1.7
If h ∈ H and x ∈ ℓ1 (C∗), then
‖h · x‖1 =
∞∑
n=0
|h(n)x(n)|
≤
(
sup
n∈N
|h(n)|
)
∞∑
n=0
|x(n)|
=
(
sup
n∈N
|h(n)|
)
‖x‖1
and since h ∈ H, the fact that x ∈ ℓ1 (C∗), implies that h ·x ∈ ℓ1 (C∗) and it
is not difficult to verify that (h,x) 7→ h · x is a group action. So let hk → h
in H as k →∞ and xk → x in ℓ
1 (C∗) as k →∞. Then
‖hk · xk − h · x‖1 ≤ ‖hk · (xk − x)‖1 + ‖(hk − h) · x‖1
≤
(
sup
n∈N
|hk(n)|
)
‖xk − x‖1 + sup
n∈N
|hk(n)− h(n)| ‖x‖1
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≤(
sup
n∈N
|hk(n)|
)
‖xk − x‖1 + ρ (hk,h) ‖x‖1
≤
(
sup
n∈N
|hk(n)− h(n)|+ sup
n∈N
|h(n)|
)
‖xk − x‖1 + ρ (hk,h) ‖x‖1
≤
(
ρ (hk,h) + sup
n∈N
|h(n)|
)
‖xk − x‖1 + ρ (hk,h) ‖x‖1 → 0
as k →∞. △
3.3 The proof of (iii) in 1.7
It is enough to notice that if y ∈ ℓ1 (C∗) and N ∈ N, while
hN (n) =


y(n)
x(n)
if n ∈ {0, ..., N}
1 if n ∈ N \ {0, ..., N}
then hN ∈ H and ‖hN · x− y‖1 =
∑
n>N
|x(n)− y(n)| → 0 as N →∞. △
3.4 The proof of (iv) in 1.7
If y ∈ H · x, then it is not difficult to verify that lim
n→∞
y(n)
x(n)
= 1 and con-
sequently there exists m ∈ N such that for any integer n ≥ m, we have∣∣∣y(n)
x(n)
∣∣∣ ≤ 3
2
. So H · x ⊆M, where
M =
⋃
m∈N
⋂
n≥m
{
y ∈ ℓ1 (C∗) :
∣∣∣∣∣y(n)x(n)
∣∣∣∣∣ ≤ 32
}
is easily verified to be Fσ. So it is enough to prove that ℓ
1 (C∗) \M is dense
in ℓ1 (C∗). Indeed, if z ∈ ℓ1 (C∗) and N ∈ N, while
zN(n) =


z(n) if n ∈ {0, ..., N}
2x(n) if n ∈ N \ {0, ..., N}
then it is enough to notice that zN ∈ ℓ
1 (C∗) \M and
‖zN − z‖1 =
∑
n>N
|2x(n)− z(n)| → 0
as N →∞. △
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4 The proof of 1.9
4.1 The proof of (i)
It is well-known that (0,∞) constitutes a commutative Polish group under
multiplication and if d(x, y) = |x − y| +
∣∣∣ 1
x
− 1
y
∣∣∣, whenever x and y are in
(0,∞), then d constitutes a complete compatible metric on (0,∞). Given
any f ∈ F and any g ∈ F, we set ρ(f, g) = sup
x>0
d (f(x), g(x)) and it is not
difficult to verify that ρ constitutes a metric on F. So let (fk)k∈N be any
Cauchy sequence in (F, ρ) and let ǫ > 0. Then there exists K ∈ N such that
for any integer k ≥ K and for any integer l ≥ K, we have |fk(x)− fl(x)| ≤
d (fk(x), fl(x)) ≤ ρ (fk, fl) <
ǫ
2
, whenever x > 0. So for any x > 0, (fk(x))k∈N
constitutes a Cauchy sequence in ((0,∞) , d) and consequently it has a limit,
say f(x) = lim
k→∞
fk(x). Moreover, since lim
x→0
fK(x) = 1, there exists δ > 0
such that for any x ∈ (0, δ), we have |fK(x)− 1| <
ǫ
2
and hence |f(x)− 1| =
lim
l→∞
|fl(x)− 1| ≤ sup
l≥K
(|fl(x)− fK(x)|+ |fK(x)− 1|) ≤ sup
l≥K
|fl(x)− fK(x)| +
|fK(x)− 1| < ǫ, and, in addition, since lim
x→∞
fK(x) = 1, there exists M > 0
such that for any x ≥ M , we have |fK(x)− 1| <
ǫ
2
and hence |f(x)− 1| =
lim
l→∞
|fl(x)− 1| ≤ sup
l≥K
(|fl(x)− fK(x)|+ |fK(x)− 1|) ≤ sup
l≥K
|fl(x)− fK(x)| +
|fK(x)− 1| < ǫ, while for any integer k ≥ K and for any x > 0, we have
d (fk(x), f(x)) = lim
l→∞
d (fk(x), fl(x)) ≤
ǫ
2
, which, given [4], implies that f ∈
F, hence ρ (fk, f) = sup
x>0
d (fk(x), f(x)) ≤
ǫ
2
< ǫ and consequently fk → f
in (F, ρ) as k → ∞, which implies that ρ constitutes a complete metric on
F. If f , g and h are any elements of F, then it is not difficult to prove that
ρ
(
1
f
, 1
g
)
= ρ(f, g), which implies that inversion is continuous, and
ρ(fh, gh) ≤ max
{
sup
x>0
h(x), sup
x>0
1
h(x)
}
ρ(f, g),
since lim
x→0
h(x) = lim
x→∞
h(x) = 1 and h being continuous on any compact
interval it is also bounded, while the same hold true for 1
h
. So let fk → f in
(F, ρ) as k →∞ and let gk → g in (F, ρ) as k →∞, while ǫ > 0. Then there
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exists K ∈ N such that for any integer k ≥ K, we have
ρ (gk, g) <
ǫ
2max
{
1 + sup
x>0
f(x), 1 + sup
x>0
1
f(x)
}
and
ρ (fk, f) < min


ǫ
2max
{
sup
x>0
g(x), sup
x>0
1
g(x)
} , 1


,
so
sup
x>0
fk(x) ≤ sup
x>0
|fk(x)− f(x)|+ sup
x>0
f(x) < 1 + sup
x>0
f(x)
and
sup
x>0
1
fk(x)
≤ sup
x>0
∣∣∣∣∣ 1fk(x) −
1
f(x)
∣∣∣∣∣+ supx>0
1
f(x)
< 1 + sup
x>0
1
f(x)
,
so
ρ (fkgk, fg) ≤ ρ (fkgk, fkg) + ρ (fkg, fg)
≤ max
{
sup
x>0
fk(x), sup
x>0
1
fk(x)
}
ρ (gk, g)
+max
{
sup
x>0
g(x), sup
x>0
1
g(x)
}
ρ (fk, f)
< ǫ.
So F constitutes a topological group whose topology is given by the complete
metric ρ and what is left to show is that (F, ρ) is separable. Given any
integer N ≥ 2, we denote by CN the set of all φ with the property that there
exists P (X) ∈ Q[X ] with positive values on
[
1
N
, N
]
such that φ
∣∣∣[ 1
N
, N
]
=
P
∣∣∣[ 1
N
, N
]
and φ
∣∣∣((0, 1
2N
]
∪
[
N + 1
N
,∞
))
= 1, while 1
2N
≤ x ≤ 1
N
⇒ φ(x) =
N
(
x− 1
N
) (
1− P
(
1
N
))
+ P
(
1
N
)
and N ≤ x ≤ N + 1
N
⇒ φ(x) = N(x −
N) (1− P (N)) + P (N), and let C =
⋃
N≥2
CN . It is not difficult to verify that
C is countable and, given [4], that C is dense in (F, ρ). △
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4.2 The proof of (ii)
If f ∈ F and g ∈ L1++ ((0,∞), λ), then
‖fg‖1 =
∫ ∞
0
f(x)g(x)dx ≤
(
sup
x>0
f(x)
) ∫ ∞
0
g(x)dx =
(
sup
x>0
f(x)
)
‖g‖1
and since f > 0, the fact that g > 0, λ-a.e. implies that fg > 0, λ-a.e., so
fg ∈ L1++ ((0,∞), λ) and it is not difficult to verify that (f, g) 7→ fg is a
group action. So let fk → f in F as k → ∞ and gk → g in L
1
++ ((0,∞), λ)
as k →∞. Then
‖fkgk − fg‖1 ≤ ‖fk (gk − g)‖1 + ‖(fk − f) g‖1
≤
(
sup
x>0
fk(x)
)
‖gk − g‖1 + sup
x>0
|fk(x)− f(x)| ‖g‖1
≤
(
sup
x>0
fk(x)
)
‖gk − g‖1 + ρ (fk, f) ‖g‖1
≤
(
sup
x>0
|fk(x)− f(x)|+ sup
x>0
f(x)
)
‖gk − g‖1 + ρ (fk, f) ‖g‖1
≤
(
ρ (fk, f) + sup
x>0
f(x)
)
‖gk − g‖1 + ρ (fk, f) ‖g‖1 → 0
as k →∞. △
5 The proof of 1.12
We denote by ρ∗ the complete metric onG∗. If g, h are any points ofG∗ such
that fg = fh, then for any n ∈ N
∗, we have that g(n) = fg(n) = fh(n) =
h(n), so g = h and consequently we have an injection. So if gk → g in G
∗ as
k →∞, then given n ∈ N∗ and x ∈ [n, n+1], we have that |fgk(x)− fg(x)| ≤
|gk(n + 1)− g(n+ 1)| · |x− n| + |gk(n)− g(n)| · |x− (n + 1)| ≤ 2ρ
∗ (gk, g),
while given x ∈
[
1
2
, 1
]
, we have that |fgk(x)− fg(x)| ≤ |gk(1)− g(1)| · |2x−
1| ≤ ρ∗ (gk, g), hence sup
x>0
|fgk(x)− fg(x)| ≤ 2ρ
∗ (gk, g) → 0 as k → ∞ and
consequently ρ (fgk , fg) → 0 as k → ∞. So the injection in question is
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continuous, but if g, h in G∗ are such that g(1) 6= 1, h(1) 6= 1, then for any
x ∈
(
0, 1
2
)
, we have that fg(x)fh(x)−fgh(x) = 2(x−1) · (2x−1) · (g(1)− 1) ·
(h(1)− 1) and consequently fg(x)fh(x) 6= fgh(x). △
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